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ON THE STABILITY OF STEADY MOTIONS OF SYSTEMS
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A method of solving stabilization problems by isolating a controlled subsystem of possibly smaller
dimension [1, 2] is developed further. The stabilizing action is determined by the solution of an optimal
stabilization problem [3] for a linear controlled subsystem. The control that is found is implemented in the
form of a feedback loop that uses an estimate [4] of the state vector (or part of it) constructed by measuring
the perturbations of the positional coordinates. The stability of the unperturbed motion in a complete
closed system is established by reducing the problem to a special case of the theory of critical cases [35, 6] or
to the problem of stability under constantly acting perturbations [6].

IT was suggested in [7] that the steady motion of a system with cyclic coordinates could be stabilized
by applying controlling actions to these coordinates. In Hamiltonian variables sufficient conditions
have been obtained [7, 8] for the problem of obtaining asymptotic stability with respect to the
positional coordinates and their momenta to be solvable. A qualitative analysis has been performed
[9, 10] for the problem of stabilization in Lagrangian coordinates. Sufficient conditions have been
formulated [11] for the asymptotic stabilization of steady motions. A range of criteria has been
obtained [12] for controllability and observability for stabilization problems in Lagrangian variables.
In the cases investigated [7-12] the controls have been appiied over all cyclic coordinates, and
asymptotic stabilization problems in the first approximation with respect to all phase variables have
been considered [9-12].

Stabilization problems are investigated below which contain the weaker requirement of only
stability of unperturbed motion. The control acts only on some of the cyclic coordinates.

1. Consider a mechanical system constrained by time-dependent geometrical constraints, and
whose position is given by generalized coordinates ¢q;, ..., q,. Here the kinetic energy of the
system has the form (assuming that 7 does not depend explicitly on time)

T=T,+T, +To, T, = %a;(q)q;q;
Tl = d](q)q” TO = TO(q), q’ = (ql"' -,Qn)

The prime denotes transposition; summation is performed over repeated indices; the indices vary
as follows:
i,j=1,...,n, p,v=1,...,k, rrs=k+1,...,n
u,v=k+1,...,k+m, w,e=k+m+1,...,n
Suppose the system is acted on by potential forces with energy Il(g) and non-potential
generalized forces Q;(g, ¢*). We will assume that in some open domain of phase space a;(q), d;(g),

To(q), the potential energy I1(g) and the non-potential generalized forces Q;(q, ¢°) are analytical
functions of their variables, and that T, is a positive-definite function of the velocities.
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We introduce the vectors and matrices

alz(ql"'wq,c), 6’=(qk+ls"')er)> 0‘; =(Q1a:Qk)
a1(@) = Napu @1, @12(@) = lla,, @1 = a21(q),  @2(@) = la (@)l
d;(‘?) = Hdl(q)a*&dk(Q)ﬁ! d;;(‘?) = gidk*”!(‘l}»' [ vdR(Q}Q

[In actual cases, decomposition of the vector g into vectors « and B is performed according to the
various ways the kinetic energy, potential energy and generalized forces Q;(g. ¢') depend on the
generalized coordinates. ]

We take as variables describing the state of the system the Routhian variables o, «,, B and

p=dT/aB" = ay;a, + ax B° +dg. We introduce the Routhian function and write the equations of
motion
R=T-1-p'f = haga'e +(dg - dgy +P¥) ey -
~%(p' -dg)b(p-dg)+To 1),  b{g) = a;' (@)
a*(q) = ay ~ 7231, 7(g) = G12b
¢ =a;, a‘og= —a (a('a) — a('m'y-— %‘ia{&}) ay -
Ve ddy, 8d, ddg
~ aylagb{p~dg) + -y ey -y — 4
1leg (p—dp) Y ap Tty Y ¥ Y ra
+ (V) (P — dg) = 1Yy (P — d) — dafay + Ydp1a ~ Tia) (P — dp)] —
[ ad, adg

3p b -1 Y b - d!;(‘yéﬁ)b+b(7E[,‘))’)“(dﬁ[al)'b”‘débla] Ip—
dy

, )
—1p —D (Vb +%biay)p + Y

bd %8 4 g
g8~ 7 28 8
. R _}: R 8?'9
= gV bdp — W) bdg — 5 %l ds * S Mo+ 069, 01,p)
B = —¥a +b(p-dp)
r = %aiﬂfﬂ&x +a1 (dag) — Yai8) +5(P — dp) +
+ gy b +dgbigy )P — %P b p — Yedgbygydg —

, aT,
~dpgybdg + FYR Mg+ Qp(q, oy, p)

M, = 3ll/de, Iiy = 2I1/3B
Qf;{qaﬂfi’p) = (Ql: - >Q?¢)s Q;{q’aiap) = (Qk+1: s aQ?t}

where, for any matrix X(g) = [lx;(9)], X and X, denote “vectors” with matrix components
l|6x,,/9q;]| and ||ax; /3. |, respectively, where v is the number of the component of the “vector”, and
X/, and (X{,,) are vectors with components [|dx,;/dg;]| and (|x,, 19g,]l)’, respectively.

2. We will assume that the coordinates 8’ = (g1, - - .- ¢») are cyclic, i.e. the kinetic energy,
force function and generalized forces do not depend on them, and there are no generalized forces
corresponding to the coordinates 8. The system then has cyclic integrals and under given conditions
can perform steady motions

4p = qp = const, p, =5, = const (2.1

We know that motion (2.1) is always stable with respect to perturbations of the cyclic momenta
(without the application of supplementary controls). Keeping this property of the natural proper
motions of the system in mind, we consider the problem of stabilizing an unstable motion of (2.1) to
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one that is stable with respect to all phase variables by applying linear controls to some of the cyclic
coordinates. We shall construct controls of possibly smaller dimension and a structure such that a
smaller amount of information may be required. We introduce the notation g, =qp+x,
DPu=8,+YVu, Pw=8,+2, for the perturbations and compose the equations for the perturbed
motion, separating out the first approximation

“ = v Av -L(f‘..\.n\v -L{f‘-&p\v-&-f‘ 1%} -L{” #D\}-i-
X X1 X1 ' Ti1Y Ty ve¥e
+T,2 +(Hy +By)z = Nx,x,p,2,u), y =u, z =0 (2.2)
A =l taglell, Wp) = %(p'—dé)b(p—da)~ Ta +11
1 :\2 woy oy m \
c=tent= {550 ], “Nsaaml
P aQUBQp 89,0py ) o
2
= “{ [(au"dv)buv"'(&w"'dw)buw]} ) H{ ] =
3q, 0 99,9p:) 0
2
= “{; [(80 - dn) boe '*'(aw ‘dw) bwe}} G = {kvph I
v
od, ad, a'y,,, ad, ad,
K(a,p) = llk |l=l - - 0 + -
(a,p) vp 34, Yor T 24, aqp (p,—4d,) 24, Ypr 24,
dy aQ
- ‘é‘ﬁ(!’r—dr) s Ty = 1l Gpubuv *pwbuwloll, Br = n{a_pf‘”‘ 0!
a0, ag
M = § {8oubuw tpwbuelo i, ‘t{ a} D= ”{ = }
aal o
0
B, = H Q“} , K" =K@p)-G, A,=da@-4
0pw o
Qu(@,@;,p) = {Qalo +Px +Dx; +By1y +Byz + Q4
" oW oW ,
I = llapubuy tap0 b0 f-ry, — ={—— +Cx +Hyy +Hyz + 117
da da |,

®(x,X,,y,2,u) = —x;(a('a):—%ai'a])xl —M'? —T"'u—K"'x, +Q2
L=—~G+D)x, —(C+Pyx—(H, +B,)y ~(H,+B)z - Tu
N, x1.y.z,u)= @ +AAN (L + )

The notation {. ..}, means that the expression is calculated for the motion (2.1); a superscript
after the prime gives the order of the subsequent terms in the expansion of the corresponding
expression. It is obvious that in order for motion (2.1) to exist it is necessary that

e, oo

Remark 2.1. The matrix C+ P of coefficients of the linear positional forces, unlike the cases considered
previously [1, 2, 11, 12}, is not in general symmetric. A skew-symmetric component does not only appear in the
presence of non-potential positional forces in the vector g, , but can also appear under the action of forces
containing cyclic velocities. Suppose, for example, that only forces linear with respect to the velocities are
present

be satisfied.

Qq(ﬁ.&',P) = D; (&)dl +D3 (a)ﬁ = (Dg _D:'}")a‘ +Dzb(p"‘dﬂ)

Separating out the linear terms in the expansion of this vector in the neighbourhood of motion (2.1), we
obtain
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Qo = 1Qalo * 115 1D:0H0 G - dglo) - (0,01, 128 ) 1x +

0

+{Da —-D2Y'I°X,+1D2b¥0y1+Q('12, Yy = (), 2)

and we see that the appearance of a skew-symmetric component is even possible from the action of forces that
are linear in the cyclic velocities with constant coefficients, if the kinetic energy depends on the coordinates.
Isolating the controlled subsystem

£ = Ft+V¥u, £ =, xy,p), ¥ =014 E,) (2.3
F, 0 “0 0 |

F = ~ATYH, +B) ||, ~ATHC +P) ~A"HG +D) “
0 0

>

Fy=

we obtain a criterion for the stabilizability [3] of motion (2.1)
rank Y = rank(WFW .. F2m =1y = 2k +m
which, using the structure of the final row of the coagulated matrix Y, can be written in the form
rank Y, = rank(¥, Fy ¥, .. F2* 7)) = 2k, (2.4)
Yy = (-IA™, [[ATHG+D) - Hy - B1]A™)
We introduce the quality criterion

S

I= ({{91(5)*’522(“)] dr (2.5%

[ 8]
A

(€24 and Q, being positive definite quadratic forms of their arguments).

Theorem 2.1. Condition (2.4) is sufficient for the stabilizability of motion (2.1) by linear controls
applied to some of the cyclic coordinates under the action of positional cordinate potential forces
with energy I1(g) and arbitrary non-potential forces Q,{«. «, p). The stabilizing action u™ = M¢
can be found by solving the problem of optimizing [in the sense of minimizing integral {2.5)] the
stabilization problem for the controlled subsystem (2.3) and depends only on variables occurring in
this subsystem.

The proof is similar to the proof of the theorem in |2].

In the full system (2.2) under the action of u” there is a critical case whose reduction in general requires [5. 6]
a non-linear transformation of the variables x, v. As a result of this the control u* ensures asymptotic stability
of the positional velocities, and, generally speaking. the stability of the positional coordinates and cyclic
velocities.

Remark 2.2. If the control is applied to the whole cyclic coordinate vector, condition (2.4) becomes the
condition for the asymptotic stabilizability of motion (2.1) under action on positional coordinates and with
arbitrary non-potential generalized forces as well as potential forces.

Remark 2.3. From the structure of the coagulated matrix Y, one can see that the controliability depends very
much on the coefficients of the linear terms in the expansion of the generalized non-potential forces. Here some
new cases can appear in addition to those considered earlier {2, 12]. For example, for gyroscopically decoupled
systems (in the chosen part of the cyclic coordinates whose momentum perturbations occur in the controlled
subsystem) (I'; = 0) the possibility arises of stabilizing the trivial motions (#; = 0) in these coordinates for
B;#0. In particular, we have the following corollary.

Corollary 2.1. If for H, =0 the rank of matrix B; equals the number of positional coordinates. a
gyroscopically decoupled subsystem (with respect to the controlled cyclic coordinates) is always controllable
{see Theorem 2.1 of [12]}.

In motion-stabilization problems for systems with several cyclic coordinates the question arises of reducing
the dimension of the controlling action. Using the structure of the equations of perturbed motion in [13], we
shall estimate the number of controlled cyclic coordinates.
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Corollary 2.2. The smallest number of controlled cyclic coordinates required to satisfy the sufficiency
condition (2.4) for the stabilizability of motion (2.1) is equal to the number 7 of non-trivial polynomials of the
matrix F;.

Remark 2.4. The problem being considered is considerably different from that investigated in [14] for the
smallest dimension of a control vector stabilizing the null solution of the non-linear system (with an isolated
linear part)

x = f(x)+p(x,u) = Ax+Bu+...

up to asymptotic stability and in the first approximation with respect to all variables. In the problem under
consideration, when there is a change in the control dimension, the dimension of the whole controlled
subsystem changes, as a result of which there is a change in both matrices F and ¥ that play the role of matrices
A and B. (In [14], when the dimension of u changes, only the number of columns in matrix B changes.)
Furthermore, the matrix F here has at least m zero eigenvalues.

Thus when solving specific stabilization problems the verification that criterion (2.4) is satisfied should begin
with m = r. When there are several cyclic momenta, to each selection of controlled momenta there corresponds
a matrix ¥, because its second row contains the matrix H, + B, and, moreover, the matrix I'; will also change.
If however the total number of cyclic coordinates is less than r, the sufficiency condition (2.4) cannot be
satisfied.

3. In many papers on stabilization it is implicitly assumed that at each instant of time all variables
that are necessary to construct the control are known. However, it is difficult to believe that in the
majority of practical situations all the required components of the state vector are accessible to
measurement (either because there is a limited number of measurement devices, or else some of the
state variables are in principle impossible to measure—for example, y and z in the general case).
The output from the controlled object usually consists of individual state vector components or
linear combinations of such components. Hence, in order to make use of the possibilities supplied
by control with feedback from the state, it is necessary to find an acceptable estimate [4] for the
whole state vector (or some of it) from the output data. The problem of stabilization to asymptotic
stability in Lagrangian coordinates of steady motions in all the phase variables of the problem was
investigated from this point of view in [12]. The controls depended on all phase variables and acted
on all cyclic coordinates.

In the stabilization problems considered here, the controls are only applied to some of the cyclic
coordinates and depend only on the phase variables of the controlled subsystem, which need not
contain perturbations of many cyclic momenta. It is natural also to expect a reduction in the amount
of measured information necessary to produce the stabilizing actions in such a method of
stabilization. Here one should pay attention to the qualitative difference in the meaning of direct
observability (measurement) of the variables y, z (perturbations of cyclic momenta) from variables
X, x1, because to obtain the values of just one of the components y, z may require information on all
the positional coordinates of @ and all (including cyclic) velocities a”, 8°.

Hence we consider therefore the observability problem in system (2.2) without measuring
perturbations of the cyclic momenta y, z. To be specific we will investigate the problem of the
possibility of constructing controls when only measurements of information solely on perturbations
of positional coordinates are available.

Assertion 3.1. If the condition
rank(Hl +BI,H2 +Bg) =n-k (31)

is satisfied, system (2.2) is completely observable in a neighbourhood of motion (2.1) in terms of
measurements of perturbations of positional coordinates.

Assertion 3.2. If in the equations of perturbed motion (2.2) there are no terms linear in
uncontrolled momentum perturbations (i.e. H, + B, = (), then with the condition

rank(H, +B;) = m (3.2)
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the variables x, x;, y in system (2.2) are observable in a neighbourhood of the unperturbed motion
(2.1) through measurements of positional coordinate perturbations.
The validity of the assertion follows from the structure of system (2.2) and [15].

Remark 3.1. Condition (3.1) for the complete observability of the system cannot be satisfied if the number of
positional coordinates is less than the number of cyclic coordinates: the rank of a matrix cannot be greater than

the number of its rows. For Q, = Dya;, T = T,. a similar result in Lagrangian coordinates was obtained in
[12].

Remark 3.2. If system (2.2) contains no terms linear in z, then, like the preceding, to satisfy condition (3.2} it
is necessary that the number of positional coordinates is not less than the number of controlled cyclic momenta,
ie k=zm.

Remark 3.3. According to conditions (3.1) and (3.2) the non-potential generalized forces also influence the
observability. In particular, unlike in [12], complete observability of system (2.2) in terms of measurements ot
positional coordinate perturbations is possible in a neighbourhood of the trivial (H, = 0. H, = 0) motion. For
this it is sufficient that rank (B,, B,) = n—k.

Under condition (3.1) for the system

Fan+¥u, o=8m, ¥, =W,0), §=(E00 (3.3
F H, +B,
0 0

there exists an asymptotic identifier (a system of asymptotic estimates) [14]

n° = Fyn® +L(0 - S$;n°) +V,u

T]‘

0

W= (E,2), S = (5.0, F[

of the state vector 7 in terms of the measurement o.
For H,+ B> = 0 and condition (3.2), there exists for the controlled subsystem (2.3) an asymptotic
identifier

£° = FE2+L (0, — SE) +Vu (3.4)

of the state vector of this subsystem in terms of the measurement oy = S¢.

Here the constant matrices L and L, of appropriate dimensions, determining the form of the
approach of the estimation errors to zero, can be found by solving the optimal stabilization problem
for the systems

¢ = Fal+Syw (3.5}
u =F u+S (3.6)

respectively, for specified quadratic quality criteria, which follows from the duality of the control
and observation problems [4] for systems (3.3) and (3.5) (corresponding to (2.3) and (3.6) in [3]).

Remark 3.4. This paper uses, for simplicity. just one sufficiently rich set of external information:
measurements of perturbations of all positional coordinates, which is, of course. not necessary in general. In
particular, one can measure perturbations of only some of the positional coordinates. Then one should take as
the matrix S in systems (3.3) and (3.4) the matrix

[ <k

, E 0|
So =00, 1=l 1 1

and instead of conditions (3.1) and (3.2) one should, respectively. require that the following conditions should
be satisfied .
rank (8, FySi, .. F3" T TIS ) = avk, S1e = (5,,0)

rank(S.F'S,.. . F'3¥**m-lgy = 2k+m

Using specific properties of system (2.2) of the equations of perturbed motion. one can reduce the
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dimension of the estimation system, taking (3.4) to be the identifier of the system irrespective of the
presence of terms linear in z in Eqs (2.2).

Theorem 3.1. Suppose that for a mechanical system described by Egs (2.2), conditions (2.4) and
(3.2) are satisfied in a neighbourhood of the unperturbed motion (2.1). Then motion (2.1) can be
stabilized with respect to all variables by the application of the linear control u = M £° to some of the
cyclic variables, where the matrix M is given by the solution of the optimal stabilization problem for
the controlled subsystem (2.3) and £° is the estimate of the vector ¢ obtained by the estimation
system (3.4) from the measurement ¢, . The matrix L, is found by solving the optimal stabilization
problem for system (3.6).

Proof. Under condition (2.4) for the system
£=Ft+WYu+N,, N, =Nyl,=09, Ni={(0,NAT 0 (3.7)

the control u* = M ¢, given by the solution of the optimal stabilization problem for subsystem (2.3)
according to the criterion (2.5), supplies asymptotic stability for the solution £ =0 in the first
approximation. From (15) and the structure of the system, condition (3.2) is a sufficient condition
for the observability of system (3.7) in a neighbourhood of the motion £ = 0 from the measurement
o, . The identifier (3.4) then exists [4], where the matrix L, can be determined [3] from the solution
of the optimal stabilization problem for the solution u = 0 of system (3.6) with the criterion

I = f (23 () + Q)] dt

where ()5 and (), are positive definite quadratic forms. Hence, in the closed system

£ = FE+VYu+N,, o =S¢
£° = FE+Ly(0, —SE)+Vu, u=M§° (3.8)

the real parts of all roots of the characteristic equation are negative [4, Theorem 7.7]. Consequently,
the solution £ = 0, £° = 0 of system (3.8) is asymptotically stable. The closed system

£ =Ft+Vu+Hz+N,, 2z =0, o, =St u=ME
§° = FE°+Ly(0,-8¢°) +W, H' = (0.~#H,+B,)A™,0) (3.9)
of the complete problem is obtained from system (3.8) by the action of constant perturbations

occurring at z(t) = zp = const #0. According to the theorem on stability under constantly acting
perturbations [6, Sec. 70] the point £ = 0, £° = 0 for system (3.9) is stable.

Remark 3.5. We note the connection between the result obtained and Routh’s theorem [16] on the
conditional stability of steady motions and Lyapunov’s [17] supplement to this theorem. Equation (3.7)
describes the (controlled) perturbed motion of systems in a neighbourhood of motion (2.1) with unperturbabil-
ity of uncontrolled cyclic momenta. Hence the closed system (3.8) provides asymptotic stability for motion
(2.1) to first order of approximation under the condition zy =0 on the initial perturbations. When this
condition is removed the motion becomes (unconditionally) non-asymptotically stable.

Remark 3.6. According to the theorem that has been proved, conditions (2.4) and (3.2) are sufficient
conditions for the problem of controlled stability with feedback from estimates of the state vector to be solvable
irrespective of whether system (2.2) contains terms linear in the perturbations of the uncontrolled momenta (cf.
with Assertions 3.1 and 3.2). When these conditions are satisfied not only is the dimension of the control
problem reduced compared with [7-12], but the dimension of the identifier is reduced compared with [12]. The
total dimension of the linear closed system for which the matrices M and L, are determined, is equal to
2(2k + m) as opposed to 2(r + k) in [12], i.e. a reduction of twice the number of uncontrolled cyclic momenta.
But in the problem under consideration, unlike the one studied in [12], there will only be non-asymptotic
stability in the closed system.
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Remark 3.7. For the unique determination of the matrices L and L, from the solution of the dual
stabilization problem the methods of synthesizing stabilization faws considered in {18] may turn out to be
efficient (see Example 5.1 below).

4. We will investigate the possibility of stabilizing motion (2.1) by using linear controls that arc¢
independent of cyclic momentum perturbations to some of the cyclic variables
uy, = Myx+M,x, (4.1
where the matrices M, and M, are to be determined. In the controlled subsystem
X =x;, x1= AYWCH+P)x - A NG +D)x;, Ay -AH, +By), (4.2

two fundamentally different situations are possible. The first of these is characterized by the fact
that an action (4.1) exists asymptotically stabilizing the point

X=0, x,=0. y=0 (4.3

by virtue of Eqs (4.2) for all the variables of this system. One can clarify whether such a possibility
exists using the Routh—Hurwitz criterion for the equation

Ex ) ~Ey 0
C+P+I\M, AN+D+G+T M, H, + B, =0 (4.4)
‘Ml ‘Mz Em A i

Obviously, for this to be true when det(C + P) # 0 it is necessary that
det(C +P) det(M, (C+P) ' (H, +B,)) > 0

—
FaN
v

because this determinant is equal to the free term in Eq. (4.4).

Remark 4.1. For m> k the determinant (4.5) vanishes [19]. Hence a control of the form (4.1) cannot ensure
asymptotic stabilizability if the number of cvclic coordinates is greater than the number of positional
coordinates.

Remark 4.2. By virtue of (4.2) there are in general no efficient algorithms for constructing controls of the
form (4.1) that ensure asymptotic stabilizability of the point {4.3). The coefficients of controlled phase variables
can be made to vanish by choosing the coefficients in the quality criterion [20]. To determine the matrices M,
and M, uniquely one can use the suboptimal control construction method {21]. But it is impossible to guarantee
that such a control can be found in the general case, because the satisfaction of the Routh-Hurwitz criterion for
Eq. (4.4) is only a necessary condition for the existence of suboptimal control.

We will now analyse the second situation possible in system (4.2) under the action of control
(4.1), which is characterized by the fact that such controls cannot, in principle, ensure asymptotic
stability of the point (4.3) because of system (4.2). One of the simplest cases of this kind appears
when H;+ B, = 0. For systems that are gyroscopically coupled with respect to the controlled
momenta (i.e. I'; #0), under special conditions it is still possible to stabilize motion {2.1) by control
(4.1) if we take the following as the controlled subsystem

g1 = FrE+Quuy, & = (Fx1), Q1= (0.-IA™) (4.6)

Theorem 4.1. If, for a mechanical system that is gyroscopically coupled in some of its cyclic
momenta, with the condition

rank(Qy Fy @y ... F2X~10)) = 2k (4.7)

the equation of perturbed motion (2.2) does not contain freely-entering perturbations of the cyclic
momenta, then the unperturbed motion (2.1) is asymptotically stabilized in perturbations of the
positional coordinates and their velocities and stabilized in the cyclic velocities under the application
to some of the cyclic coordinates of the linear control u, = M;£7. The control is formed through
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feedback via the estimate £] obtained for the vector ¢; from the measurement o, =S¢,
S, = (Ey, 0) from the system

£1° = F1 51 +Ly(02 — S, §7) + Quu
where the matrix L, is determined by the solution of the stabilization problem for the system

v=Fv+tS;wy (4.8)

Proof. The asymptotic stability of the closed system
£y = Figy +Quua +Ns, 0 = S3%1, Na =Nilzy-9, N3 =(ON4™)
£,° = F L8 +Ly(02 — S287) + Quua, Uy = M3k]

is proved as in Theorem 3.1, because with condition (4.6) the problem of the optimal stabilization of
the point & = 0 is solvable [3] for the given criterion

f [Q5(Er) + Qo(uy)] dt

[Q5(£&) and Qg (u, ) are positive definite quadratic forms.] Observability from the measurement o,

as can easily be verified, occurs for arbitrary matrices in the second row of the coagulated matrix F; .

Consequently, one can determine [3, 18] the matrix L, by solving the problem of stabilizing system

(4.8). The stability specified in the statement of the theorem in the closed system
1= Fit, +Quuy N3, 03 = Sy, y1=uy, 2z =0
£° = Fr§ +La(02 - $2 ) + Qrtta, Uy = Maky

follows from the Lyapunov-Malkin theorem [S, 6] on stability in the special case of n — k zero roots.

(4.9)

Remark 4.3. If y and z occur in Eqs (2.2) free from x and x, only in the non-linear terms, then linear control
of u, cannot ensure stabilization of motion (2.1) when m = 1. Under the action of u, and the presence of terms
non-linear in y and z the problem of the stability of the null solution of system (4.9) reduces to the problem of
the stability of the null solution of the system

g, =Fi QU Y sy (4.10)

for constantly acting perturbations of z = z, = const.

For stability in system (4.9) one must have [6] asymptotic stability of the null solution of system (4.10) at
z¢ = 0. Such stability is possible for m = 1 when [5, 6] y occurs in the non-linear terms free from x and x; to odd
degree. Here however this degree is only equal to two.

5. Example 5.1. As an application of the stabilization method presented in Theorem 4.1, we will solve in
general form the problem of stabilizing steady motions with one positional and several cyclic coordinates in a
situation included in this theorem. Thus, we have the equations of perturbed motion

x =x,, X =ax+bx, tgu+Ny(x,x,,y,2,u), y =u, z =0 5.1

where a, b and g are constants, Ns, x, x; and y are scalars, z is a vector, with g#0, and N5(0,0, y, z, 0)=0.
Introducing the simplest quality criterion

I'=[ (x*+x?+u®)adr (5.2)
0

we find (see Eqs (111.13) of [3]) the coefficients of the Lyapunov functional that are optimal in the sense of
minimizing (5.2), from which we obtain

u, =g [dx® + b+ (b2 +g?+2d) X0, d =a+@ +g)" (5.3)
Here the vector (x°, x9) is an estimate for the vector (x, x; ) obtained from the system
x° =1L ®-x")+x7, I, =a+b

o

x)° = ax® +bxS+ L (x—x°)+gu, I, = %i(a+b)(a+2b) (5.4
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(where a is a sufficiently large positive number) for measuring x. The matrix L3 = ({;, /,) is found by solving
the dual stabilization problem by the method proposed by Krasovskii (see {18, p. 97]).

Example 5.2. Consider an asymmetric gyroscope. The Routhian function has the form [2]
R =R,+R, +R, = %la- A7 (by,c] ~2b 0,0, +b,, e 07 +87 [byye, ~ bac)p +
+(by e, —b,0)p, 10 +(my, +my)gy,sinecosd ~ha b, pt -2p . p, b, b, DI,
A= by by, b7,
for gyroscope parameters in the notation used in [10]. The equations of the manifold of steady motions
JR/38 = 0 have solutions other than the motion
8, =0, p, =8, =const, p =5, = const {5.%)

In particular, with the additional condition A = (} (the axis of the flywheel parallel to the 7, axis, it being
previously {10] assumed that v = 0), for sufficiently large 8, a real solution

6, = Yam, py = 8y, py = Yt (L1 -du (my tm) gy, 85,7167, 5,
by, = J+A4,cos?e+ B, +Cysin*e+my(xZsin*e+y? +22cos?e) (5.6)

uy, = (G, +myx, y )cose
exists. For (G, + M3x,y; ) y,cose>>0 one can obtain from (5.6) the solution
6, = %, W8 = +Ju, (m, +m)gy,, 67 = Yutbt, 832 (3.7

The possibility of stabilizing motion (5.5) by applying controls to both cyclic coordinates was analysed in { 10].
In [12] the measurements supplying information necessary for formulating controls stabilizing (5.3) were
determined by the same method. For the system being considered, in Eqs (2.2) we have

ab,,
r, = §b2261 =20, T, = {f}“«?z “bizcxir H +8, = {—é‘t’;"&z‘ﬁ% *
aa 3a 3by, aby
thy,——8, A8 ~b , ——§, A2} | Hy+B, ={———86,4"" « woee R
12 5 O 12 e % . 2 2 PP 8, Y 5,4

X+ Y
+U)1152 ‘{71251)‘3 zﬁa‘é”}
0

In a neighbourhood of motion (5.5} I'; #0, I:#0, H; + B, = 0, H,+ B, = 0, and the equations of perturbed
motion do not contain freely occurring y and z. According to Theorem 4.1 the problem of stabilizing motion
(5.5) is solved by applying the control given by (5.3) to one of the cyclic coordinates, where the vector (x°, x7) is
obtained from system (5.4). We remark that for stabilizing the motion (5.5) with the help of the control
constructed in [2], although the number of positional coordinates is equal to the number of cyclic coordinates
occurring in the controlled subsystem, unlike the case in [2], condition (3.2} is not satisfied. Hence when
stabilizing motion (5.5) by the control of [2], it is necessary, as in [12], to measure the perturbations of the cvelic
velocities. In view of the non-satisfaction of condition (4.5) because H,+ B, =0 and H,+ B, =10, it is
impossible to reduce the volume of information by excluding perturbations of the controlled momentum from
the control.

In a neighbourhood of motion (5.7)

I, =0, T, =4,[4,+B, +my(yi+z})]cose ¥ 0, H, +B, = [(m, +m)gy, ! ]l’fzsine
in which y and z occur freely. When the controllability condition
a,8% -~ bghy—ht # 0, k=12 g,= ATy, he=-AHe+By
A =g [hy, 02 (0,)=2b,,(0)¢,(8,)~ by, (8,)¢,1/A(8,), a, = -4 [ s2R ja0%},
is satisfied, the problem is solvable by using a linear moment along one of the cyclic coordinates. Stabilization
by a control acting about the axis of the outer ring of the suspension requires measurement of the cyclic velocity
perturbation because observability condition (3.2) is not satisfied. If however motion (5.7) is stabilized by a

moment applied to the axis of proper rotation, the conditions of Theorem 3.1 are satisfied; to formulate the
control it is sufficient just to measure x from which an identifier of the form (3.4) can be constructed.
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In a neighbourhood of motion (5.6)

r, #0, I, =0, H,+B, = —(b%,) ' sined, /1 ~45;2u,(m, +m,)gy, # 0
H,+B, = 8,sine(1x/1-48;%(m, +m,) u, g7,) # 0

The condition of complete observability (3.1) is not satisfied by virtue of Remark 3.1. Nevertheless, using
Theorem 3.1 and satisfying (3.2), we can construct a closed system of the form (3.9) when measuring only x. In
the problem of stabilizing motion (5.6) one can also construct a control of the form (4.1). Equation (4.4),
stabilized by applying 2 moment about the proper axis of rotation, acquires the form

AN +dN +Nm, H, +O)+mH, =0, C = {3*R,[26%},, H, = H, +B,
and from the Routh—-Hurwitz criterion we have
mH, +C >0, m > (AH,) ' d(mH, +C)

We note that unlike the preceding cases of stabilization, when the problem could be solved when there is no
dissipation, i.e. when d = 0, in the last case dissipation with respect to the positional velocity is necessary.

The author thanks V. V. Rumyantsev for his interest and for helpful discussions, and also the
referee for useful remarks.
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